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^^ ■ Abstract 

We start from any small strict monoidal braided Ab-category and 
p-H ' extend it to a monoidal nonstrict braided Ab-category which contains 

.^^ \ braided bialgebras. The objects of the original category turn out to be 

. ■ modules for these bialgebras. 

Introduction 

The notion of bialgebras and Hopf algebras in braided categories were introduced 
by S. Majid in gj. He has considered a braided monoidal (tensor) category and 
^ \ in the usual definitions of algebras, coalgebras, bialgebras and Hopf algebras, 

he has replaced the flip by the braiding in the obvious way. Majid has called 
(^ i braided bialgebra to a bialgebra in a braided category. Refer to [I] and [2] for 

(^ ■ generalities in braided monoidal categories and to H] , [5] and [5] for the definition 

and results in the theory of braided bialgebras and braided Hopf algebras. 
f~^ ' The purpose of this paper is to present a construction in which starting from a 

l^ \ small braided monoidal Ab-category C and an infinite set Sq we create a new 

monoidal braided category C^° that contains the original C as a subcategory, 
and more important, it contains objects with bialgebra structure, in such a 
way that the objects of the original category C are modules for these bialgebras. 
Remember that a category C is said to be an Ab-category (also called pre-ahelian 









j^ ■ category; cf.[7J) if for any pair of objects V , W its set of morphisms hom(V, W) 

is an additive abelian group and the composition of morphisms is bilinear. In 
the context of monoidal Ab-categories we shall assume that the tensor product 
of morphisms is bilinear. For the construction we proceed as follows. Section [T] 
is divided into two parts; in the first part, out of any small Ab-category C and 
any set Sq, we construct the new category C^° which is also an Ab-category. In 
the second part we assume that C is strict monoidal and that Sq is infinite, and 
so, we extend the monoidal structure to C^° . However, the extended monoidal 
structure is not strict, so we have to work with associative constraints, and left 
and right units. In the second part we show how to extend a braiding and a twist 
from C to C ° . Since the new category is nonstrict monoidal, we need to define 
algebras, coalgebras, bialgebras and modules in this case. This is easily made 



if in the categorical definitions of the latter notions we substitute the equalities 
by an equivalent relation in the set of morphisms of C^° . Roughly speaking, 
we declare two morphisms of C^° related if their domains and codomains are 
related by associativity and/or units. This relation, obviously, agree with the 
identity if the category is stric; this is explained in detail at the end of section 
[TJ We start section [5] defining algebras, coalgebras, bialgebras and modules 
in nonstric monoidal categories in general, and then state and prove the main 
theorem (Theorem 12. ip of this paper. Throughout the proof we use graphical 
calculus as explained in [I] and [2]. This work is influenced by Yetter's paper 



1 The category C^" 

Let C be a small Ab-category. We shall denote by Obj(C) and H the sets 
of its objects and morphisms, respectively. We are going to associate to C 
a new category C^° as follows. Let us take a fixed set So and consider the 

set A^(So,Obj(C)) = { Sq D S/ s- Obj(C) }, where S/ is any subset of So 

and / is a set-theoretical function. The objects of C^° will be the elements of 
A^(So,Obj(C)). Let / : S/ — > Obj(C) and g : Sg — > Obj(C) be two objects. 
A morphism F : f — > g will be a two-variable function F : Sf x Sg — > % such 
that: 

(i) F{x,y) : f{x) —> g{y), for ah {x,y) e S/ x Sg. 

(ii) If Sg is infinite, then for each x G Sf there exists a finite set S^ C Sg, 
such that F{x, y) = Oiiy &Sg- 5f . 

Let / : S/ — > Obj(C), g : Sg — > Obj(C), and h : Sh — > Obj(C) be objects, 
and F : f — > g, G : g — > h be morphisms. Define G o F : f — > h as the 
function G o F : Sf x Sh — > H given by: 

{GoF){x,y)=J2G{z,y)oF{x,z) (1) 

zeSg 

for X G Sf and y £ Sh- This sum is always finite. Indeed, if we write S^ — 
{zi, ..., Zk}, then the sum becomes 

k 

(Gof)(a:,y)=^G(z„2/)oi^(x,zO (2) 

i=l 

It is clear that the function G o F satisfies condition (i). Besides, ii y ^ Sf U 

...USg, then G(z„ y) = for 1 < i < fc, so if we choose sf°'^'' =Sgu...USg, 

then we have y £ Sh — Sx ° , thus (G o F){x, y) — 0. Therefore G o F also 
satisfies condition (ii). 



For any / : S/ — > Obj(C) define Id/ : / — > f as the function Id/ : S/ x 
S/ — > n, given by ldf{x,y) = Sx^yidff^-, : f{x) — > f{y) for {x,y) e S/ x S/. 
For G : / — > g one has 

(GoId/)(x,y)= ^G(z,y)oId(a;,z) 

= ^G{z,y)oSx^Mf{x) (3) 

= G(a;,y) 



Therefore Gold/ = G. Analogously Idg oG = G for any morphism G : / — > g. 

Furthermore this operation is associative. Indeed, ii F : f — 5- g, G : g — > h, 
and H : h — > i, then 



{{H o G) o F){w, z)^ ^{Ho G){x, z) o F{w, x) 

= J2H{y,z)o{J2Gix,y)oF{w,x)) (4) 

yeSh xeSg 

= Y,H{y,z)o{GoF)iw,y) 
== {Ho{GoF)){w,z) 



Hence we have proved that C^" is a category. If for two morphisms F, G : 
/ — > g we define the function {F + G){x, y) ~ F{x, y) + G(x, y), which trivially 
satisfies conditions (i) and (ii), we see that C^" is also an Ab-category. The 
following proposition proves that the direct sum of certain collections of objects 
in C ° is defined. 



Proposition 1.1. Let {fi : Si — > Obj(C)}igi be any collection of functions 
such that the sets Si, i (z X, are pairwise disjoint subsets of So- Then (/ : 
Uiex ^i — ^ Obj(C), Ji), where /Is^ = /i and Jk : SfcxJJ.^j: ^i — > 'H is given by 
Jk{x,y) = Sxyidx : Sfe — > Uiei^i' '■s ^^e coproduct of {fi : Si — > Obj(C)}iei 
in C^o . 



Proof. Suppose we are given an object g : Sg — > Obj(C) and a family of 
morphisms T, : (/, : S, — ^ Obj(C)) —^ (g : Sg -^ Obj(C)). Define T :' {f : 
U^ex^^ — ^ Obj(C)) — > [g : Sg — > Obj(C)) to be the function T{t,y) = 



(5) 



Tfe(i, y) : f{t) — > g{y) if t £ Sfe. Then if x G Sfe and y £ Sg, we have 
{ToJk){x,y)= ^ T{t,x)oJk{x,t) 

= ^ SxtT{t, y) o idj; 
= T(a;,y) 

The last equahty also shows the uniqueness of T. D 

In particular we have the following. 

Corollary 1.2. If $ ^ S/ C So, then any object f : S/ — ;■ Obj(C) is isomor- 
phic to the direct sum of the objects {f\ix} '■ {x} — > 0bj(C)}2:gs- 

Let us suppose now that the category C is strict monoidal and that the set 
So is infinite. In what follows we shall endow C ° with a monoidal structure 
extending the one given in C. However, as we shall see, the structure that we 
define is not strict in general. 

We start by defining the tensor product of objects and morphisms and a unit 
object. Next we define the associative constraint A, the left and right units L 
and R, and finally we prove that they satisfy the required conditions. 

First, we fix once and for all a bijection 7 : So x So — > Sq. Given two 
objects / : S/ — > Obj(C) and g : Sg — > Obj(C), define / ® g by the following 
composite 

f^g: 7(S/ X S,,) ^-1 Sf x Sg ^^ Obj(C) x Obj(C) ^ Obj(C) . (6) 

Choose any point * en So and define I : {*} — > Obj(C) by I(*) = I £ Obj(C). 
Now, for two morphisms F : f — > f',G:g — > g' , and a point (z, z') G 

7(S/ X Sg) X 7(S/' X SgO, define F ® G : f ® g ^ f ® g' hy 

iF®G){z,z') := F{x,,x',,)<g>G{y,,y',,) : f{x,)®g{y,) -^ f'{x',,)®g'{y',,), (7) 

where 7~"^(z) = {xz-,yz) G S/ x Sg and 7~-^(z') = {x'^,,y'^,) G S// x Sg' are the 
pairs such that [f ® g){z) = f{xz)®g{yz) and {f (^ g'){z') = f'{x',,) (^ g'{y',,). 

It is clear that j{S^^ x S*^) G 7(S/' x Sg') is a finite set and that if z' G 
7(S/' X Sg') - 7(C X Sg), then j-\z') ^ S^ x Sg. Hence, either x'^, i Sl 
or y'^, i Sg^ and so {F G){z, z') = if z' ^ 7(6'^^ x Sg^). 

Before we define the associative constraint A, we shall adopt the following 
notation. If, for example, v G 7(7(S/ x Sg) x S^), then we write 

(7"^ X id)7"^(u) = ((x„,2/„),z^,) G S/ x Sg x S^. 

Here, 7(a;„,2/„) is the unique element in7(S/xSg) G So such that 7(7(xt,,2/t,), z^) 
V. In other words, the inner parentheses will indicate the place from left to 



right of the second 7 ^ in the composition (7 ^ x id)7 ^. Analogously for 
w e 7(8/ X 7(Sg X S;i)) wc write 

(id X 7"^)7"^(w) = {xw,{yw,Zw)) e S/ x Sg x S/,. 

When there is no risk of confusion we drop the inner parentheses and simply 
write (7~i x [d)j~'^{v) = {xy,yy,Zv) and (id x 7"-^)7"H'^) = ixw,yw,Zw)- In 
the same way, if for example v G Si^f(^(g^h))<^i = 7(7(8/ x 7(8,, x Sh)) x Si), 
then we write 

(id X 7"^ X id)(7"^ x id)7"^(u) == {{xy,{yy,Zy)),ty) e 8/ x 8g x 8^ x 8i, 

or (id X 7"^ X id)(7"i x id)j^^{v) == {xy,yy,Zv,ty), etc. 
With this notation, wc have 

{{F®G)(giH){v,w) = {F (g,G){{x,y)y,{x,y),^) ^ H{zy,Zy,) 
= F{xy,Xw) (SiG{yy,yw) (^H{zy,Zw). 

Let us define Af^g^^ : (/ g) ft- — > f (^ {g 'S^ h) by 

Af^gM^, w) = (5^:^; Jd/(^^)^g(j^„)55,j(^„) : ((/ ® g) ® h){v) *- (/ «) (5 h)){w) , 

(9) 
where again, in order to shorten the notation, (5!!:!", stands for (5^ ^ (5,, ,, (5, , . 
It is easy to see that the inverse of Afg^ is given by 

^/.gjJ"'' ") = '5^;y%id/(:E„)®g(y„)®/i(^„) ■ {f ® {q ® h)){w) ^ ((/ ® g) ® h){v) . 

(10) 
Now we define the right unit Rf : f <E)I — > f ■ For any object /, the object 
/ (8) I is expressed by the composite 

/ ® 1 : 7(8/ X {*}) ^^ 8/ X {*} -^ Obj(C) X Obj(C) ^^ Obi(C) . 

(11) 
For z G 7(8/ X {*}), we write 7 "^{z) — (a;z,*) G 8/ x * and define Rf : 

Rf{z, x) = 4,,.id/(,^) : (/ ® I)(z) = J{x,) -^ fix) (12) 

for {z,x) G 7(8/ X {*}) X 8/. It is easy to see that Rf is an isomorphism with 
inverse i?7^ : / — > / ® I given by the function 

Rj\x,z) - 4,.Jd^-(-) ■■ /(^) ^ (/ ® I)(^) = fi^^) ■ (13) 

In the same way we define the left unit Lf : 1(E), f — > f, that is, if z G 7(* x 8/), 
then we write 7~^(z) = (*,Xz) and define 

Lf{z, x) = 4,,a;id/(:,,) : (I ® f){z) = fix,) -^ fix) (14) 

The inverse oi Lf is given by 

Lj'^ix, z) == 4.^Jd/(^) : /(x) — > (id (g) /)(z) == /(x^) . (15) 



Theorem 1.3. The category C ° is a monoidal category with tensor product 
of objects and morphisms, associative constraint, and right and left units as we 
have just defined. 

We divide the proof into four lemmas. 

Lemma 1.4. If F : f — > f , F' : f — > f" , G : g — > g' , and G' : g' — > g" 
are morphisms in C''" , then 

(i) {F' (g) G') o{F^G)^ {F' oF)(g) (G" o G) and 

(ii) Id/®Idg =Id/55g. 

Proof, (i) For z £ 7(8/ x Sg) and z" £ 7(8/" x Sg") we have 

((F'0G')o(F®G))(z,z")- Y. {F'®G'){z',z")o(F®G){z,z') 

z'e-fiSf/xSg,) 

= J2 {F\x',,y^„)oF{x^,x'^,)) 

z'e7(S//xSg,) 

®(G'(2/;„2/;'„)oG(2/„2/;,)) 

= ( Y. F'{x',x'^„)oF{x,,x')) (16) 

x'eSf, 

^(Y G'{y',y':„)oGiy.,y')) 

= (F'oF)(x„x;'„)®(G'oG)(y.,y;'„) 
-((F'oF)®(G'oG))(z,z") 

The third cquahty fohows from the fact that 7 estabhshes a bijection between 
S/' X Sg' and 7(8/' x Sg'). 

(ii) For z, z' e 7(8/ x 8g) we have 

{Uf(S)Ug){z,z') = ldf{xz,Xz')®ldg{yz,yz') 



Sz,z'idfi^^^)^idg^y^) 

^Z,z'idf(^^^)^g(^y^) 
<52,2'id(/®g)(^) 

ldf(g,giz,z') 



(17) 



n 



Lemma 1.5. The associative constraint A defined above is a natural isomor- 
phism that satisfies the Pentagonal Axiom. 



Proof. We already saw that A is an isomorphism. To show that it is natural, 
we have, on the one hand, 



{{F(^{G(g,H))oAf,gj,){v,w')^ J2 {F(g,{G®H)){w,w')o 

0Af^g^hiv,w) 

toG7(S/X7(SgXSfc)) 

•S) H{z^,z^')) o (5^:™2id/(^„)0g(y^)0,j(2„) 

= F{x^,Xi^>) ®G{y.u,yw') ®H{z^,Zw>) . 

(18) 

On the other hand, we have 

{Af,^g,,H'o{{F®G)®H)){v,w')= Y. Af,^g,,H'{v',w')°{{F®G)® 

t>'G7(7(S^/xSg,)xS^,) 

H){v,v') 

°x';v';z'^^S'{x'^,)®g'(y'^,)®h'{z'^,)° 
t)'e7(7(S//xSg/)xSfc/) 

o(F{x^,x'^,)®G{y^,y'^,)®H{z^,z'^,)) 
= i^(xt,,Xu,') ®G{yv,yw') ^ H{z^,z^>). 

(19) 

Therefore, Af>y^h' ° {{F ® G) (g) H) ^ {F (g) {G (g) H)) o Af^g^h, so A is natural. 

Let us prove now that A satisfies the Pentagonal Axiom. Set M{s,w) = 
{{idf«iAg^hA)oAf^g^h,i o (A/,g,h (X)id,))(s, w). For s G 7(7(7(8/ x Sg) x Sh) x Sj) 
and w e 7(8/ X 7(8^ x 7(8^ x 8^))), we have 

M{s,w)= ^ {idf (E)Ag^h,i){v,w) o Af^g(^h,i{^''>^)° i^f\9,h'^^'^i)i^^'^) 

®((s»h)»i) 
®((s»/.)®i) 



wGS 



MeS/0((gg|fc)|gi) 



(20) 



Set N{s,w) = {Af^g^h^i o Af^g^h,t){s,w). Then, 



r-GS, 



(/»B)®(h»i) 



"x;y-z;t^°-f(xr)®g(yr)<g)h(z^)<g)i(tr) ° Ox-y-z-t'^'^ 



f(xr)®g{yr)<g)h(z^)(g)i(tr) " ''x-y;z-t^'^f{x,)(gjg{y,)(g,h{zs)0iits) 



T-es, 



(/»s)»(h»i) 



— "£c;y;z;tlQ/(a;s)«iff(!y»)«i/i(z3)«'»(ts)- 

(21) 

Thus M{s,w) — N{s,w) and so, A satisfies the Pentagonal Axiom. D 

Lemma 1.6. The right unit R and the left unit L are natural isomorphisms. 

Proof. We already saw that Rf is an isomorphism. For z G 7(8/ x *) and 
x' € Sfr we have 



{FoRf){z,x')^ Y F{x,x')oRf{z,x) 

xGSf 

= F{x,x') o5x,,x'idf(^x^) 
= F{x,,x'). 



(22) 



On the other hand 

{Rf'o{F(g)ldi)){z,x')^ Y, Rf'{z',x')o{F(E)ldi){z,z') 

z'G'yiSfi X*) 

= '52,'^,,x'id/(a;^,) o {F{xz,x'^,) ®Idi(*,*)) (23) 

= F{xz,x') . 
The proof for L is analogous. D 

Lemma 1.7. T/ie morphisms A, R and L satisfy the Triangular Axiom. 
Proof Set P{v,w) = ((Id/ ® Lg) o Aj:j^g){v,w). Then 

P(-y,w)= ^ (Id/(g)ig)(u,w) o ^/^^^(w,^) 

"6'S'/»(I»g) 

= (^x„,j:„id/(a;„) ® '5a„.y„idg(y„)) o (5^;^id/(:c^)0i(*)0g(y„) (24) 

= (i?/(g)Idg)(w,w). 
So (Id/ ® Lg) O A/J,g = i?/ (g) Idg. D 

These four lemmas finish the proof of ll.3l 
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Proposition 1.8. The category C " has a full subcategory, which is tensor 
equivalent to C. 

Proof. Recall that a tensor functor is a triple {F, ipo,ip2), where _F is a functor, 
ifo is an isomorphism from I to F(I), and (p2iU, V) : F{U)^F(y) — > F{U^V) 
is a family of natural isomorphisms compatible with the associative constraint 
and the left and right units (see [TJ p. 287]). Define a functor J : C — > C^", by 
choosing for any object V in C any point xy G Sg and a function fv '■ {xy} — ^ 
Obj(C), given by /y(xy) — V. Then we define J{V) = fv- To any morphism 
a : V — > W we assign the function Fa{xv,xw) — a : fv{xv) = V — ^ 
fw{xw) = W and then define J (a) = Fa. For the unit object I of C we choose 
the fixed point * as before, so that J(I) = I G Obj(C^''). For U, V objects of C, 
define 932 (t/, V) : J{U) ® J{V) = fu (E) fv —^ J{U ®V) = fu®v, as follows. If 
l~^i.{xu] X {xv}) = {x'uy}, then {fu'Sifv)ixu,v) = U<»V and fucsvixuisv) = 
U ®V, then take (p2(t/, F)(x'(jy, {xu(g]v)) = idc/(giy. The morphisms (po and (p2 
are identities, so that the functor J is strict, and it is straightforward to prove 
that they satisfy the required compatibility conditions. D 



1.1 Extending the braiding and the twist 

Let us now assume that the category C is braided with braiding c. For v G 

7(8/ X Sg) and w £ 7(Sg x S/), define Cf^g{v,w) by 

Cf,g{v, w) = '^;^;y c/(^^),g(j,j : (/ ® g){v) = f{x^) ® g{y^) — > g{y^) ® f{x^) 

= {g®f){w). 

(25) 

It is clear that C/.g is invertible with inverse given by C7 (w, v) = S'^-'yCji^ ) / ) 

Proposition 1.9. The family C of isomorphisms C/.g is a braiding in the 
category C^" . 

Proof. We have to prove that C is natural and satisfies the Hexagonal Axiom. 
For F : f — > /' and G : g — > g' we have, on the one hand 

{{G®F)oCf^g){v,w')^ Y, iG®F){w,w')oCf,giv,w) 

= X! iG{yw,yw')<»F{x^,Xni'))oS^'^Cf(^^^)^g(y^) 

we'y{Sg(g)Sf) 

= {G{yv,yw') ® F{Xy,X^')) o Cf(^^^)^g(y^y 

(26) 



On the other hand, 

Cf,g'o{F^G){v,w')^ J2 Cf,^g,iv',w')o{F(x)G)iv,v') 

v'e-riSf'xSg,) 

v'ey{Sf,xSg,) 

= Cf'(x' ,).g'(y' ,) o {F{xy,x'^,) (S)G{yy,yi,')). 

(27) 

Both sums are equal since c is a braiding in C and therefore it is naturaL Thus 
C is naturaL We now show the commutativity of one of the diagrams of the 
Hexagonal Axiom. Put M{w,w') = {Ag,h,f ° Cf^g^h ° Af,g,h)iw,w'). Then 



M(w, w')= ^ Af^g^h{u,w')oCf^g^h{v,u)o Af^g^h{w,v) 

;f0{g0h) 

'^x-,y;z^(^f(x^)0g{y^)(Sh{z^) O 'Jx;y:z'^f{x^),g(y^)(X)h(z^) 



v&Sf^ig^h) 



(28) 



^6S^ 

° °x;y-z^'^f{x^)(Sg(y^)(g)h(z^) 
~ ''x;y;z'^S(x^),g(yw)®h{zw)- 

Set N{w, w') = ((Idg ® C/,ft) o Agj^h o (C/,g ® lAh)){w, w'). Then 
N{w,w')^ Y^ {ldg®Gf^h){u,w')oAgjj,{v,u)o{Gf^g®lAh){w,v) 

= 2^ ihu,V^Mg(y^) ® K-^ Cf{x^),h{^-^)) ° ^x'l^;z'^'^g{y.)'g>f{x^)(g>h{z^) 

"£S(g0/)0h 

° (^x;y C/(a;„),g(y„) «> Sz^ ,zjdh(,^^) 
= '5x;yTl(idg(y„) «> C/(^„),,,(2„) ) O iCf^^^)^g(y^) (g) id^z^)). 

(29) 

Again, since c is a strict braiding in C, we have the equality M{w,w') — 
N{w,w'). The commutativity of the other hexagon is proved analogously. D 

In the same way, if the category C has a twist, then we can easily prove the 
following assertion. 

Proposition 1.10. Let 9 be a twist for the the category C. Then the category 
C " has a twist Qf : f — > f given by 

&f{x, y) = 6^,y9f(,^ : f{x) -^ f{y) (30) 

for any object f in C " . D 
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However, it is not possible to extend a duality from C to C^" . Although we 
have for any / : S/ — > Obj(C) a canonical candidate for /* : S/ — > Obj(C), 
namely the function /* defined by f*{x) = (/(x))* as well as a canonical can- 
didate for the evaluation Df : f* ® f — > I, given by Df{v, {*}) = ^x*,s„dj(^^) : 
f*{xl) ® f{xy) — > !(*) = I, where 7"^^) = {^It^v) e S/ x S/, this is not the 
case for the coevaluation. Indeed, the canonical extension Bj : I — > f ® f* 
given by Bf{*,v) = Sx^,x„'^f{x^) '■ I — ^ fi^v) ® /*(a;*) is not a morphism in 
C^" if S/ is infinite, since condition (ii) of page [2] does not hold. 

Nevertheless, if we consider the full subcategory Cj which as objects has 
functions / with finite domain S/, then it is possible to extend the duality 
according to the given formulas. It is easy to see that the inclusion functor 
J -.C — > C^° factors through C?", i.e.. 



J-.C- 



■ cf° ^ 



■C^o 



(31) 



The following assertion is also easy to prove. 

Proposition 1.11. // the category C is a ribbon category, then the extended 
structure in 0^^° is pivotal braided (but nonstrict in general, so it is not ribbon). 

D 

Remark 1.12. In order to simplify the next computations, we shall adopt the 
following notation. Let A be the set of isomorphisms of C^° generated by the set 
(Id^, A^ \ Rq, L^) under tensor products and compositions, where Xi i^i ^i M: 
C, and <^ are any objects in C^° . In other words, A is the set of isomorphisms that 
relate different objects by associativity and units. If F and G are morphisms in 
C^° , we shall write F^GiiG = XoFoY, where X and Y are elements of A. 
For example, .F = G if the following diagram commutes. 

(((/i ® /2) ® fa) «) fi) ® U — ^ (51 ® 52) » 33 

\ 

((/l®/2)®(/3®/4))®/5 



^/l»/2,/3»/4,/5 



(/l®/2)«'((/3 0/4)0/5) 



Id 



/l»/2'»'^/3,/4,/5 

(/l ® /2) (/3 ® (/4 (E> /s)) — ^ gi (E) {92 ® 53) 

The relation = is an equivalence relation in the set of morphisms of C ° which 
is compatible with composition and tensor product in the sense that if i^ = 
G and F' = G' then F' o F = G" o G, if the compositions are defined, and 
F ® F' = G (E) G' . Indeed, for the composition, suppose A o F o B — G and 
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that C o F' o D ^ G", for elements A, B, C, and D in A. Then G" o G = 
CoF'oDoAoFoB. The morphism D o A is an endomorphism of the domain 
s{F') of F' which is equal to the codomain t{F) of F and is an element of A. 
Mac Lane's coherence theorem states that this element has to be the identity 
morphism Ids(^/) . Hence G'oG = C o F' o F o B. The tensor part follows from 
the identity (Ao F o B) (g) {C o F' o D) = {A(g) C) o {F (g) F') o {B ® D). In what 
follows we shall use this notation without further comments. 



2 Bialgebras in C^° 



Let V be a monoidal category. We say that an object A of V is an algebra in 
V, if there exist morphisms ^ : Ag A — > A and 77 : I — > A such that 

/u(/;i(g)id^) = ^(id^ (8)m) ; (32) 

^(77 (g) idyl) = idyl == ^(idyi ®?7)- (33) 

Dually, we say that G is a coalgebra in V, if there exist morphisms A : G — > 
C (g) C and e : C — > I such that 

(A (g) idc)A = (idc ® A)A , (34) 

(e (g) idc)A = idc = (idc «> £)A. (35) 

If H is an algebra, then the product in if (g if is defined by the following 
composite 

ri : {H g> H) g> {H ® H) ^"'^"■"'", ((H g H) g> H) g> H ^"'"'"^"^f (36) 



(H^iH® H)) (g ^'^£^!fi£^ (if g) (if g) if )) (g if . 



{{H (g, H) (g, H) (g, H ^ ^ '' ■ > (ff g) ff ) g) (fr eg H) 



HgH . 



fj.0fj. 



We say that if is a bialgebra in V, if /i(A g) A) = A/i and e^i — e g) e. 
If A is an algebra, an object V is an ^-module, if there exists a morphism 
T : A (g y — >V, such that T{fi g idy) = r(idA g) T) and T(?? g) idy) = idy. 
Note that if the category is strict monoidal, the latter are the concepts of algebra, 
coalgebra, bialgebra and module in strict braided monoidal categories. 

We are going to find bialgebras in C^" , when C is a braided strict monoidal 
category with left duality. 

Let h : Sh — > Obj(C) be an injective function such that h{Sh) C Obj(C) 
is closed under g), that is, for any pair {x,y) G S^ x S^, there exists a unique 
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z <E Sh such that h{x) h{y) = h{z) and suppose I G h{Sh)- For example, we 
can take a set So with the same cardinahty as Obj(C) and h : So — > Obj(C) to 
be any bijection, if Obj(C) is an infinite set. 

Set A^ = {{x, x) \ X <E Sh\ C Sh X S/i and let h be the object defined by the 
composite 

h : 7(A,)^!-^A,^^1^0bj(C) X Obj(C)^Obj(C) (37) 

where h*{x) := {h{x))* . That is, h is defined by the relation h(7(a;,a;)) — 
h*(x) ® h{x), for 7(2;, x) £ Sj;- = 7(A,J. 

The main theorem in this section is the following. 

Theorem 2.1. The object h. is a bialgebra in C^" and the objects ofC, considered 
as a subcategory of C " , are h-modules. 

To prove it, we shall establish two previous lemmas. Let x : S/i x S/i — > Sh 
be the function defined by the relation h{x{xiy)) = h{x) ® h{y). 

Lemma 2.2. The function x satisfies x(x(x, y), z) — xi^^ xiVi ^))- 

Proof. 

Hxixix, y), z)) = h{xix, y)) ® h{z) = h{x) ® h{y) ® h{z) = 

= h{x) >S> h{xiy, z)) = h{xix, x(y, z))) . 
Thusx{x{x,y),z) ^x{x,x{y,z))- □ 

We now consider, in a more general situation, a monoidal category with left 
duality V. In the following lemma we use letters x,y,z,... to denote objects 
of V. Let X, y be objects of V. Recall that there exists an isomorphism j^.y '■ 
y* (g) X* — > {x®y)* given by 

7a;,?, = (dy (8) id(2,®y).)(idj;. dj, (g) idy(^(x^yy){idy*0x'- <8) h^^sy) ■ (38) 

Now define the isomorphism T^^y : y* ®y®x* ®x — > {x®y)* ®{x®y) by the 
composite 



id,, 



"yx ,y QyCy ^x 



^x,y -.y* ®y®x* ®x '■ ^ y* (g) X* (g) y (g) X — ^ (x ® y)* (x (g) y) , 

Lemma 2.3. The isomorphisms T^y satisfy the relation 

t x,y(^z{^ y,z W lCla;*(^a;j ^ 1 x®y,z[^^z*(^z w i x,y}- 

That is, if x, y and z are objects of V then the following diagram commutes 

z* ® z(gy* ®y®x* ®x — — 1^1^ (^ ® x)* ® [y ® x) ® x* ® x 



id,. 6 



Fx 



y®s 



z* ® z®{x®y)* (g{x® y) "-^^ — ^ {x ® y ® z)* ® {x ® y (g z) , 
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Proof. We prove it by using graphical calculus. In Figure [T] the morphism T^^y 
is represented. Figure[2](at the end of the paper) proves the Lemma. The upper 
left and bottom right diagrams represent the morphisms Tx^y(g,z0^y,z aiidx-'^x) 
and Tx^y,z{^dz*,s,z ^x,y), respectively. 



x'y 




Figure 1: The morphism Tx^y 



D 



Proof of Theorem 12.11 Define /x : h (g) h — > h by 

/Li(u,7(z,z)) : (h(g)h)(i;) = h*{xv) h{xv) h*{yy) (g) h{yv) 
> h(7(z, z)) = h*{z) ® h{z) 



(39) 



Since there is a unique a:o G S^ such that h(xa) = I G Obj(C), we can define 
r] : I — > h by 

V{*,jiy,y)) =4o/yidi : 1 = h*{xo) ® /i(a;o) — > h*{y)®h{y). 
We have to prove now that /i(/i (g) Idj^) = ^(1% ig) ^) and /^(ry (g) Idj;-) = Idj^ = 
Set S* = ^(/x (g) Id|^)(w, 7(i, t)) and i?, = /^(Idj^ ® m)(^'; tI^j ^))- We have on the 
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one hand 

S= J2 Ai(w,7(i,0)°(M«'Idh)(w',«) 

= ^t,x{z^,x{y^,x^))^h(z^)M{x(yn.-,x^)) ° (^h{y^)M{x^) ^ ^<i-h' {z^)(S)h{z^)) 
= ^t,xiz^,xiy^,x^))Th{z^)My^)0h(x^) O {^h{y^)Mx^) ® id/i* (z„)(g.?i(z„) ) 

(40) 
On the other hand we have 

~ Z_^ ^t,xiy^.Xy)^h{y^),h{xy) ° {^x^,,xjdh'(x^,)(g,h{x^,) '^ Syv,x(z„, ,y^/)'^ h(z^,),h(i 

= ^t,x{xi^^',y^').x^,)^h{x(z^,,y^,))Mxv) ° i^<ih'(x^,)mix^,) '^^h{z^,)Myu,'))) 

= ^t,xix{^u,',yu,'),x„,)^h{z^,)($h{y^,)Mxv) ° (^'^h'{x^,)0h{x^,) "^ '^hiz^,)My„'))) 

(41) 

According to Lemma [2?2l we have x{xizw',yw'),Xnj') = x{zw',x{yw',Xn,'))- 
From this and Lemma 12.31 it is easy to see that R o A-^ ^^^ = S so R ^ S. 

We shall prove now that fi{r] (g) Idj^) = Idj^. Set J = fi{i] Idj^)(u,7(z, z)). 
From h{x{xmXQ)) = h{xu) ® h{xo) ~ h{xu) ®1 = h{xu) we deduce that 
x{xu,xq) — Xu and since Taj ~ idh*(a)(8ft(a) for any object a of C, we have 

J = Yl Ai(i^,7(^,^))°(?7®%)(w,w) 

= X! ^z,x{y.,x^)^h(y^)Mx^) ° (^(*, 7{xv,Xv)) ® Idi^(7(a;„, a;„), 7(2/1,, y„))) 

= 2^ ^z,x{y^.x^)^h{y^)Mxv) ° i^xo.xJdl'SS Sx^,yJdh*(^x^)(Sh{x^)) 
~ "z,xixu,xo)'^ h(xu),h(xo) 
= Sz.x^^dh" {xu)fg>h(x^) 

= %(u,7(z,z)) 

(42) 

The relation /i(Idj^ ® 77) = Idj^ is proved in a similar way. 

We have thus shown that (h, /i, rj) is an algebra in C^" . Define now A : h — > 
h (g) h to be the function 

A(7(a;, x), v) : h*{x) ® h{x) — > h*{yy) (g) h{yy) (g) h*{zy) (g) h{zy) 
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given by the following composite 

Sx,y^S^^^Jdh'(x) (^ hh(x) (^ id/i(a;) : h*{x) » h{x) *- 

^h*{yy) (g) h{yy) ® h*{zy) (g) h{zy) 

and define e : h — 5- 1 as the function given by 

e(7(x,x),*) =d^(^) : h*{x) (» h{x) — ^I. 

We are going to prove that (Idj^ (g) A) A = (A (g) Idj^A) and (e g) Idj^)A = Idj^ = 
(Idi7(g)£). Set L= (Idj7® A)A(7(t,t),u;). Then 

{St,xjt,yjdh-'(t) <E) hh(t) 8) id;i(t)) 

= St,xJt,yJt,zA^<ih'(t)t^hit) ®idh-(t) (8'b,,(t) (8iid,j(t)) o (idft,.(t) ® b,j(t) ® id,,(t)) 

(43) 

Set i?= (A(8)Idi7A)(7(t,i),w). Then 
i?= ^ (A(gIdj^)(t;,w;)oA(7(t,i),«) 

= 2^ l5a:^,a;„<5a:„,y„(id/i.(a;„) g)b,i(a;^) g)id;i(a.^) (g)l5y„,z„id;i.(y^)^,i(y^))o 
(^t,a;„l5t^y„id;i.(t) (g) b/,(t) (g)idft(t)) 

= i5t,a;„<5t,y„<5t,z„(idh*(t) «) b^(t) g) id,j(t) (g id,,. (t)^ft(t) ) o (id,,.(t) (g b,,(t) (g idh(t)) 

(44) 

Taking x = h{t), Figure [3] (at the end of the paper) shows that R and L are 
equal up to associativity, that is ^^ hh('w, w') o R = L. Thus L = B. 

Next we prove (e (g Idj^)A = Idj^.' Set J = (e (g Idj^)A(7(a::, a;), 7(y, y)). Then 

J= ^ (e® (Id|;-))(w,7(2/,y))o A(7(a;,a;),u) 

= X! (£(7(2^1-, a;i'),*)«'idh(7(yf,yt-), 7(2/, y)))° 

a:eSi^(»Si^ (45) 

(^£!;,:E„<5a;,y„id,j.(2;) g) b,j(2.) g) id/i(a;)) 
= (d/i(a;„) ^ <5?/„,i/idh'(a„)(8/i(j/„)) ° (^a;,a;„<5a;,y„id,i.(a;) g> h^^) g) id,i(2.)) 

= Sx^y{dh^x) (^ idh»(x)(8ft(2;)) ° (id/i»(x) "X) b,,(a,) g) id,j(j,)) 

From the definition of left duality we get (d/jj^.) g) id/j*(j,))(id,j.(a,) g) bft,(j,)) = 
id;,. (2;), so J ^Sx,yidh*{x)(sh{x) =Idh(7(a;,a;),7(y, y)). 
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The relation Idj^ = (Idj^ (E) e) is proved in a similar way, and with this we 
have showed (h, A, e) is a coalgebra in C^°. 

It is enough to prove now that A and e are algebra morphisms. For A we 
have to show that the diagram 

_ _ AOA — — — — 

h (g) h ^ (h (g) h) (g) (h (g) h) 

" 

A — — 

^hg)h 



commutes up to the relation =, where /t is the product in hg)h and it is defined, 
as in ([36]). by the composite 

/i : (h g) h) g) (h g) h) ''^''''''> ((h g) h) g) h) g) h 

_ t _ '_ 

(hg)(hg)h)) g)h 

h®h. 

ThemorphismIdj7g)Cj7J7g)Idj^(v,w) : (hg)(hg)h)g)h)(w) — > (lig)(hg)h)g)h)(w) 
is related to F^{v, w) : (h g) (h g) h) g) h){v) — > (h g) h) g) (h g) h){w), which is 
represented by the following vertical arrow 

h{xy)* g) h{xv) g) h{yy)* g) h{yy) g) /i(z„)* g) h{zy) g) h{tv)* g) h{ty) 

h{xw)* g) h{xni) g) h{z^)* g) h{z^) g) h{y^)* g) /i(y^) g) /i(fu,)* g) /i(t^) 

since their codomains are related by associativity. 

The morphism (/i g) /i)(w, m) : (h g) h) g) (h g) h) — ;• h g) h, is represented by 
the following vertical arrow 

h{xyj)* (g h{xw) g) /i(ztu)* ® /j(ztu) g) /i(2;«,)* g> h{yyj) (g /i(iu,)* g) ft,(i^) 

'5mu,x(i™,x„)rh(j„),ft(x„)0<5s„,x(t„,y„)rft(t„),h(j,„) 

/i(a;„)* g) /i(a:„) g) /i(2;„)* g) /i(j/„) 

It is not difficult to see that fi = X]to(M ® /i) o i^^ and that this last morphism 
turns out to be equal to 

h{xy)* g) /i(x„) g) h{yy)* g) /i(yi,) g) /i(zi,)* g) /i(zt,) g) /i(i„)* g) h{ty) 

/i(a:„)* g) h{xu) g) /i(2;«)* g) /^(yu) 
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Hence /t(A (g) A) = J^v G^ o [A^ A), where Gy is the last vertical arrow. But 
(A (g) A)(p, v) : (h(g) h){p) — > ((h (g) h) (h (g) h))(w) is given by 

{A(E)A){p,v) ^S^^,^^6^^^yJy^^^Jy^^tA^^h{x^)'®hh(xp)'»'^d^^,,)){^dh{y^y®hh{y^)®idh(y^-)) 

so the sum yields 

M — Ox^,xiyp.xp)"y^aiyp:Xp)(^yp,xp ®^yp,xp){T^dii(^xp)*»h{xp) ®(^h(xpY<^h(xp)M(yp)'''^Hyp) 
® idh(yp)*o/ife))(id/i(:Ep). ® hh(^^) ® iAh(x^)){iAh(y^). ® hh(y^) ® iAh(y^)) 

On the other hand, (/iA)(p, u) is the sum over v of the following composite 
h{xp)* (g) h{xp) ® h{yp)* g) h{yp) _^Z:1^I-1 "" > h{xy)* ® h{xy) 

h{xu)* ® h{xu) g) h{yu)* g) /i(y«) 
which is equal to 

In Figure |4] (at the end of the paper), taking y — Xp and x — yp, the picture 
on the upper left side represents M, while that on the lower right side represents 
(/iA)(p, u). Hence both are equal and then /iA = jj,{A g) A). Finally, we have to 
prove that e is an algebra morphism, that is, we have to prove that the diagram 

hg)h 




h ^I 

commutes. We have 

(e/x)(M, *) = ^ e(j(x^,x^), *) o fi{u, w) 

W 

= zl'^K^^.) ° i^x^,x{v^,x^)'^h{y^)Mx^)) 

W 

= ^hix{yu,x^))^hiy^)M^u) 
— '^h{y^)0h(x^)^h{y^),h{x^) 

On the other hand, (e g) s){u, *) — dfi(^x^)^hiy^)- 

Figure[5](at the end of the paper), taking x = yu and y — x^ as before, shows 
that these two morphisms are equal. Therefore (h, /i, 77, A, e) is a bialgebra. 
We shall now define the action of h on the objects of C. Take the point xo of 
Sh such that h{xo) = I and define jv{xo) = V, for each V object of C. Define 
T ■.h(g)jv — > jv, by 

T{j{j{x,x),xo),xo) ^ d;i(j.) g)idy : h*{x) g) h{x) g) V — > V 
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where x € Sh- It is not difficult to see that T is indeed an action as we defined it 
before. The proof of that is similar (although easier and shorter) to the previous 
proofs and we omitted it. 
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Figure 2: Tx,y^z(ry,z ^ ^dx»^x) — ^x^y,zi^dz*^z <8l ^x,y) 
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Figure 3: (id^* ® hh, ® idh, id;i.,g;ij(id/i. ® b/i, «) id^J = (id^- 
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Figure 4: (/i(A ® A))(p, u) ^ (pA){p, u) 



22 



idj( y 




idj^ y 




Figure 5: dh,ish,ThiM, = d^^ ® d,i, 
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